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Theory of optical emission enhancement by coupled metal nanoparticles:
An analytical approach
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We present an analytical “coupled mode” model explaining enhancement of emission by an emitter
placed within complexes of metal nanoparticles and apply it for an important case of an emitter
placed inside the gap of two coupled Au nanospheres. This approach has dual advantages of
exposing the underling physics of the enhancement and revealing a straightforward path toward
optimization. © 2011 American Institute of Physics. doi:10.1063/1.3565170
Modification of optical properties of atoms and mol-
ecules in the vicinity of nanostructured metal surfaces has
been known for a long time,1 and has more recently been
applied to enhancement of Raman scattering,2 fluorescence,3
and photovoltaic processes.4 While many theoretical models
relied upon extensive numerical calculations, we have devel-
oped a simple analytical model for isolated metal nanopar-
ticles that revealed the origin of enhancement for various
optical properties, allowed for optimization of nanoparticle
parameters, and notably, established the enhancement limits
and figures of merits.5–7 In a nutshell, to enhance lumines-
cence the surface plasmon SP mode in a nanostructure
must be tightly confined to ensue a large Purcell factor8 so
that energy can be efficiently transferred from the active
molecule into the SP mode before it gets lost via nonradia-
tive decay inside the molecule. At the same time this SP
mode should be efficiently coupled to the free space so that
energy can get radiated out before it gets lost via Ohmic loss
inside the metal. In other words, the nanostructure should
present at once a good cavity and an efficient antenna. A
single nanoparticle can never satisfy this “best of both
worlds” demand and more complex structures must be ex-
plored.
Clusters of coupled nanoparticles have been indeed
shown to provide larger field enhancement than a single par-
ticle by numerous experimental9,10 and theoretical11,12 works.
However, most of the latter relied upon complex and time-
consuming numerical models missing a clear physical pic-
ture which do not allow for quick optimization. Furthermore,
as we have already mentioned, the enhancement of electric
field does not always correlate directly to that of optical
emission which has a strong dependence on the original ra-
diative efficiency of the emitters placed at the “hot spots” of
a nanocluster. Recently we have expanded our “eigenmode”
approach to the system of coupled nanoparticles and offered
a simple explanation of field enhancement as progressive
coupling of energy from free space via the dipole modes
acting as antennae to the higher order modes acting as tight
cavities where the hot spots are engendered.13 This coupled
mode approach is well suited to analyze the reverse process
of coupling the energy from active molecules to the free
space via succession of SP modes and in this work we apply
it to the nanoparticle dimer, which has not been analyzed for
the enhancement of emission.
To emphasize the role played by the coupling of SP
modes we shall commence with the properties of SP modes
supported by a single metal nanosphere of radius a placed in
the dielectric with relative permittivity D. The frequency of
the lth SP mode l=pl / l+ l+1D,7 where p is the
metal Plasmon frequency. For Au spheres surrounded by
GaN, these mode frequencies range from 1=1.967 eV to
=2.261 eV. Among all the SP modes, only the dipole
l=1 mode produces a non-vanishing dipole moment that
couples to radiation modes, i.e., acting as an antenna and
subject to the radiative decay at a rate proportional to the
sphere volume, rad=23 /3D,13 where =2a /	D is the
radius normalized to the wavelength 	D in the dielectric cor-
responding to the emission frequency . At the same time,
all the modes experience nonradiative decay due to the
imaginary part of the metal dielectric constant =+ j at
roughly the same rate,  / 0.20 eV at the di-
pole mode resonance. Each SP mode of the lth order is well
characterized by its effective mode volume Vef f ,l=4a3 / l
+12D.
13 Thus the higher order modes can indeed be very
efficient cavities, yet they remain uncoupled to radiation
modes. And the only SP mode that is rather efficiently
coupled to the outside, is anything but a good cavity due to
both its larger volume and additional radiative loss.
This harmful state of affairs can be remedied if the outlet
can be found for the energy trapped in the higher order
modes. For the example of two coupled Au nanospheres
Fig. 1 where the polarization of the molecule is along the
connecting line between the two spheres, energy captured by
the higher order modes of one sphere can now be coupled
into the dipole mode of the other, providing a channel for it
to turn into free space radiation. In other words, with the use
of coupled metal nanoparticles, it is possible to combine the
dipole mode of one particle acting as an efficient antenna
with a combination of higher order modes of another particle
acting as efficient cavities. Here we develop an analytical
model for the energy transfer between the SP modes of
closely spaced metal spheres and use it to estimate its effi-
ciency. The theory can be applied to multiple particles of
different shapes and dimensions but for the sake of simplic-
ity, we examine exclusively the case of two spheres sepa-
rated by r0=r1+r2 Fig. 1.aElectronic mail: greg.sun@umb.edu.
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In order to properly address the energy balance between
the molecule, SP modes in the nanospheres and the free-
space radiation we introduce the amplitudes for the lth SP
mode of sphere i as Al
i
=Uli, where Uli is the mode en-
ergy, and similarly, the amplitude of the dipole of the excited
emitter as B=Um where Um is the energy of the molecule.
We can now write the set of coupled equations as
dA1i
dt
= j1 − A1i −
1
2
 + rad
i A1
i
−
1
2
radi radj A1j
− j	
l=1

1l
1l
ijAl
j
− j1B
1iB ,
dAl
i
dt
= jl − Ali −
1
2
Al
i
− j1l
1ljiA1j
− jlB
liB, l 2,
dB
dt
=
mP
2
−
1
2
mB − j	
l=1

lB
l
1Al
1 + 
l
2Al
2 , 1
where lB=l and 1l=1l. Included in Eq. 1 are the
usual detuning and decay terms for all SP modes, and the
super-radiance term 12radi radj A1j that accounts for the co-
herent character of emission by two dipoles, as well as the
excitation term that contains the pumping power P that ex-
cites the molecule but not the SP modes directly with an
original decay rate of m=rad
−1 +nrad
−1
. There are also two
kinds of coupling terms. The coupling between the molecule
and the lth mode of sphere i is described by the coupling
coefficient

l
i
=
l + 1
2radi rad

ai
ri
l+2. 2
The presence of 
rad
i indicates that coupling is stronger for
smaller spheres, and the l+1 relationship suggests more
efficient coupling to higher order modes which, unfortu-
nately, are uncoupled to the outside—the aforementioned
antenna-cavity incongruity. There is also coupling between
all the modes with index l in sphere j and the radiating di-
pole mode l=1 of sphere i and can also be obtained ana-
lytically as13

1l
ij
=
l + 1
2 
 air0
3/2
aj
r0
l+1/2. 3
The coupling between higher order i.e., nonradiative modes
of two spheres does not contribute to the energy transfer and
will be neglected in this analysis.
At steady state, the first two equations in Eq. 1 can be
written in a matrix form as
M2N2NA1A2  = K1/rad1K2/rad2  Brad . 4
Here Ai is a vector of N components consisting of mode
amplitudes Al
i
, l=1. . .N, i=1,2, M2N2N is a 2N2N com-
plex matrix containing all the intersphere coupling terms,
detuning and decay terms, and Ki is a coupling vector
whose lth component is Kl
i
= jlBl+1ai /ril+2 /2. Invert-
ing the matrix in Eq. 4 we obtain for the SP mode ampli-
tude vector, Ai= jB /
rad
i radTi where the complex vec-
tor Ti=M2N2N
−1 Ki, which allows us to determine the total
radiating power as,
PSP = rad1 A11 + rad2 A122 = T11 + T122
B2
rad
. 5
At steady state, we can use the third equation in Eq. 1 to
write the excitation power as
P = m − 2	
l=1

lB
 
l1Tl1rad1 rad + 
l
2Tl
2
rad2 rad
2 B2
m
. 6
Taking the ratio of the radiative efficiency in the presence of
coupled metal nanospheres, SP= PSP / P, to the original ra-
diative efficiency of the molecule, rad=rad
−1 / rad
−1 +nrad
−1 
=1 /radm, we find the enhancement of efficiency F
=SP /rad as
F =
1+ T1
1 + T2
22
1−rad	l=1 lBl+1
a1
r1
l+2 Tl1
rad
1 + 
a2r2 
l+2 Tl
2
rad
2 2 .
7
Equation 7 can be applied to any emitter placed in the
vicinity of two coupled nanospheres of different sizes. Obvi-
ously, there is a large parameter space including the sizes of
the gap and spheres, the original radiative efficiency and fre-
quency, over which we can analyze the enhancement. For
simplicity, we only examine here the symmetric case of a
molecule placed at the mid gap of two equal spheres r1
=r2=r0 /2, and leave other geometric scenarios for future
study. We consider Au nanospheres with its dispersion given
in Ref. 14 embedded in GaN matrix. For optimization, we
only consider the gaps greater than 2 nm since quantum ef-
fects such as electron tunneling significantly reduce the en-
hancement when the gap is below 2 nm.15
The dependence of enhancement on sphere radius is
shown in Fig. 2 for a molecule with a negligible original
radiative efficiency rad0 emitting at the dipole-mode
resonance =1. The peaks are consistently obtained near
the sphere radius 30 nm for a rather wide range of gaps.
This can be explained by the fact that at this radius radiative
and nonradiative decay rates of dipole modes approach each
other which results in matched out-coupling. The enhance-
FIG. 1. Color online Illustration of the energy coupling from the emitter to
SP modes as well as their subsequent coupling between two closely spaced
metal spheres that are separated by r0=r1+r2. The polarization is along the
line that connects the centers of the two spheres.
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ment shown in Fig. 2 is not optimum, as the coupling splits
the dipole resonance into two modes so that maximum en-
hancement is obtained at frequencies below SP resonance
inset in Fig. 2.
So far the results closely follow those for the field en-
hancement obtained in Ref. 13, but the situation does change
when we consider a more practical case of emitters with
non-negligible original radiative efficiency rad as we have
done in Fig. 3 where the enhancement at the optimized fre-
quency opt is plotted versus the gap width for a fixed sphere
radius of 30 nm. As rad increases the enhancement gets
weaker and practically vanishes when rad reaches 10%—a
rather obvious result since the out-coupling efficiency of the
SP dipole modes of the two 30 nm spheres 2rad / 2rad
+0.30, is not much better than rad. For all rad
10% the enhancement initially grows as the gap narrows
but then the “luminescence quenching” sets in as more en-
ergy gets efficiently transferred into the increasingly higher
order modes where it decays nonradiatively instead of being
coupled into the dipole mode.7 The onset of quenching oc-
curs at smaller gaps for the less efficient emitters, because it
is more critical to couple their energy into the SP modes as
fast as possible, before it decays nonradiatively inside the
emitter, even if most of the energy ends up trapped in these
high order modes. In the extreme case of rad0, the object
can be placed right next to the spheres without experiencing
any quenching. Indeed for Raman scattering that can be
treated as the photoluminescence with a vanishing efficiency
no quenching ever occurs as testified by numerous experi-
ments.
In Fig. 4, the mid-gap enhancement for 30-nm-radius
spheres separated by a range of gaps at the optimized fre-
quency opt is plotted and compared with that by a single Au
sphere of 30 nm obtained at the optimal separation from a
molecule emitting at the dipole-mode resonance =1.7 In-
terestingly, improvement over a single sphere appears only
for really small rad. Evidently, relatively good emitters en-
hanced by a single sphere already possess high enough ra-
diative efficiency and the introduction of the second sphere
only increases the Ohmic losses. But for less efficient emit-
ters the two sphere scheme does have a clear advantage.
In conclusion, our analysis indicates that symmetrical
metal nanostructures do offer advantage over the single
nanoparticles, but only for weak emitters. Further improve-
ment can potentially be achieved by exploring asymmetric
structures in which emitters are placed in off-center positions
in between two unequal spheres, allowing the smaller sphere
to act as a cavity and larger one as an antenna. Last but not
least, our approach provides a simple “engineering” explana-
tion for the whole emission enhancement process according
to which large Purcell enhancement is achieved in smaller
“cavity” modes that are coupled to larger dipole “antenna”
modes.
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FIG. 2. Color online Mid gap enhancement vs the radius of two identical
Au spheres that are embedded in the GaN matrix and are separated by a
range of gaps. The emitter is assumed to have negligible radiative efficiency
rad0 emitting at =1. Insert: frequency dependence of the enhance-
ment for the sphere radius of 30 nm with gaps of 2, 5, 10, and 20 nm.
FIG. 3. Color online Mid gap enhancement optimized at opt by two
30-nm-radius Au spheres vs their separation gap for a range of emitter
efficiency.
FIG. 4. Color online Enhancement Fc,opt optimized at redshifted frequency
opt by two identical coupled Au nanospheres of 30 nm separated by gaps of
2, 10, 20, and 40 nm, over a wide range of emitter’s original radiative
efficiency. The dashed curve is the enhancement by a single Au sphere of 30
nm with optimal separation dopt from a molecule emitting at =1.
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